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Equations for the equilibrium order parameters of substitutional binary alloys are derived from both a
classical (bond energy) and a quantum approach. The classical case is presented so as to exhibit that Cowley’s
equilibrium equations are not valid, principally as a consequence of an incorrect calculation of the internal
energy. The work .of Flinn is utilized to show that the equilibrium equations have the same form in the
classical and the quantum cases. Moreover, the quantum approach is made practical by a simplification of
certain integrals which Flinn was unable to evaluate. In both cases, a transition temperature for each atomic
distance is found. With these developments, it is now possible to predict order parameters quantum me-
chanically and to test the predictions directly by x-ray measurements or indirectly by resistivity measure-
ments via Asch and Hall’s theory of residual resistivity. Numerical calculations required to compare experi-
ment and theory have not been completed, but a presentation of the theory alone seems justified in view of
the appearance of theses and papers based on Cowley’s incorrect equations.

1. INTRODUCTION

SIGNIFICANT error has been found in Cowley’s

classical theory of the equilibrium order parame-
ters of substitutional binary alloys.!:? Correction of this
error leads to two important consequences: (1) The
equilibrium equations for the order parameters in the
classical theory, a bond energy approach, are con-
siderably simplified; and (2) the quantum approach as
developed by Flinn? is easily put in the same form as the
classical theory. Accordingly, it is now possible to pre-
dict order parameters quantum mechanically and to
test the predictions directly by x-ray measurements or
indirectly by resistivity measurements via Asch and
Hall’s theory of residual resistivity.* The equilibrium
equations in the quantum case involve certain integrals,
oneé for each atomic distance, which Flinn introduced
but was unable to evaluate except for those associated
with first neighbors.? The authors have reduced the
Flinn integrals to a simple form easily evaluated nu-
merically. Thus, the equilibrium equations for the order
parameters from the quantum approach involve only
simply evaluated quantities.

The principal error in Cowley’s work for the classical
case is in the calculation of the internal energy of the
disordered alloy. A corrected calculation is presented in
Sec. 2 immediately after a discussion of the Cowley
order parameters in terms of which the internal energy
and configurational entropy are to be expressed. Where-
as the calculation of the energy is exact to within the
limits of the classical bond energy model, the calculation
of the entropy is inexact. It is, nevertheless, possible
that the equilibrium order parameters found by mini-
mizing the Helmholtz free energy are exact. This point
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is discussed in Sec. 2. Section 3 contains an extension to
the quantum case, with the evaluation of the associated
Flinn integrals relegated to an Appendix. The paper
closes with a summary in Sec. 4. Numerical calculations
required to complete the comparison between experi-
ment and theory are in progress and will be reported at
a later date. The publication of the theory alone at this
time seems justified in view of the appearance of theses®
and papers!-?:¢ based on Cowley’s incorrect equations.

2. CLASSICAL EQUILIBRIUM EQUATIONS
FOR THE ORDER PARAMETERS

2.1 The Cowley Order Parameters

Consider a Bravais 7 lattice of infinite extent on which
4 atoms and B atoms are placed substitutionally. Let a
set of basis vectors be given by {=1,%e,%7s} with a unit
cell volume Q given by |=;- (%2 % 73)|. Also consider a
very large scale superlattice defined by

n= n1N111+n2N2‘C2+n3N313 , (2.1)

where N; and #; are integers. These n vectors define
periodic replicas of the volume NQ, where N=N1NsNs.
In each replica there are Nms A atoms and Nmp B
atoms with mp equal to (1—m4).

A specific arrangement of the atoms on the = lattice
may be conveniently defined by Flinn’s C, function®47:

C.,=mg, if A4atomats y
, 2 C.=0, (2.2)
=—my, if Batomatzt 7
ma+C,=1, if A atomat=x
=0, if B atom at =, (2.3a)
mp—C,=0, if A atomat~
=1, if B atom at =. (2.3b)

5 C. B. Walker, Ph.D. dissertation, Massachusetts Institute of
Technology, 1951 (unpublished).
B. M. Korevaar, Physica 25, 1021 (1959).
7G. L. Hall, Phys Rev. 116, 604 (1959).
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QUANTUM
Periodic boundary conditions on the replicas imply that
Crin=C,. (2.4)

The Cowley order parameters are defined by

N
a'r=Z C,/CT+,-I/N'}1’LA’WLB. (25)

A few important properties of these parameters are
12a,21—1/mg,
> 1 —_ 1/mA ,

0Smass

OgmBS%y (2'6)

N
=1, > a,=0, ar=a_,, arm=a,. (2.7)

The last two relations may be combined to give
(2.8)

On 7 =0y,

Repeated use of relation (2.8) with the set of {#,} in n
successively taken as {0,0,1}, {0,1,0}, {1,0,0}, and
{1,1,1} exhibits that the «, are strongly geometrically re-
lated for small N. However, the internal energy and
entropy will be expressed in terms of a more nearly
independent group of parameters. These are given by
averages of the a, taken over shells of constant ||,

namely, _ .
a=b, Z Qr,
r-shell

(2.9

where b, is the coordination number for the distance 7.

The average parameters &, are less strongly correlated
(geometrically) than the a,. (Of course, in one dimen-
sion &, a,, and a_, are all equal.) The relation (2.8) does
not impose any dependences between those &, for
magnitudes of « much smaller than any (3)N ;7. More-
over, the sum rule in Eq. (2.7) is of little importance for
very large N. On the basis of these facts, it seems fairly
reasonable to assume that in the limit of large N, the &,
for finite = are all geometrically independent. This as-
sumption will be used in the entropy calculation but not
in the energy calculation.

2.2 The Internal Energy

This quite short subsection contains a very simple and
straightforward derivation of the classical internal
energy, with the resulting expression in disagreement
with Cowley’s.! The simplicity of the derivation is a
direct consequence of the use of Flinn’s® C, function.
The properties of the Flinn function, particularly those
given by Egs. (2.3a) and (2.3b), permit one immediately
to write the defining expression (2.10) for the internal
energy of an arbitrary, but completely defined, con-
figuration of disorder. A little manipulation of the indi-
vidual terms in (2.10) leads to (2.11) and (2.14), which
show that all configurations having the same set of &,
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possess the same energy and that this energy is linear
in the &,. This statement of linearity is in sharp dis-
agreement with Cowley, and this fact will be discussed
at the end of the subsection. s

Consider a specific arrangement of the atoms uniquely
designated by the set {C,}. The internal energy U ({C,})
of the N atoms of one replica is found by summing the
interactions of each of these N atoms with all other
atoms of all replicas. Use of relations (2.3) yields

N «
URCH =3 Z Z{(matC)(matCr)Eas(z—)

4+ (ma+Cr)(mp—Cr)Esp(x—r')
+ (mp—C,)(ma+Cr)Esp(z—7')
+(mp—C.)(mp—C.)Epp(z—1')}

> (e}, (2.10)

>N

N
+HE

where the “surface terms’ expressed by the last double
sum can be neglected in the limit of large NV, and where
E;;(r) is the bond energy of the 7§ type and depends only
on the magnitude of r. By neglecting the “surface term”
in Eq. (2.10), by using the sum rule of Eq. (2.2), and by
using the defining relations (2.5) and (2.9), it is readily
shown that U reduces to

URCY) = Ut Nmams 3 b.arEr,  (2.11)

where U, and E, are defined by

Uy= %N Z ['mA2EAA (‘F)

(2.12)
(2.13)

+2mA'mBEAB(e)+m32EBB(¢):| )
E.=3{Esa(x)+Epp(x)—2E45(x)}.

In Eq. (7) of his paper,! Cowley has an expression
essentially identical to that presented in the above
equation (2.11), but Cowley misinterprets the quantity.
The defining expression in (2.10) and the properties of
the Flinn function as expressed in (2.3a) and (2.3b)
permit a definite interpretation of U({C,}) as the in-
ternal energy of all N atoms for a particular con-
figuration {C,}.

It is clear from (2.11) that the U({C,}) for all sets
{C,} leading to the same set {&,} are equal. The next
problem is to calculate the configurational entropy as-
sociated with a given set, say the ith, of {&,}. For the
sequel, it is convenient to rewrite (2.11) as

U,'——'—- U0+]Vm,4mB Z b,&,Er s - (214)

where each &, is contained in the set {&,} ..
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The preceding derivation of the internal energy in-
volves no probabilities and is easily checked step by
step. That Cowley! is in error is evident, but the question
remains of exactly where does he go astray. The authors
have had difficulty in trying to pin down exactly what
Cowley has done, but a few definite statements can be
made.

Both Cowley and the present authors use the method
of most probable values, although one might gather
from the first part of Sec. 4 of Cowley’s paper! that he
intends to use the Darwin-Fowler method of mean
values. The final results for the classical energy in the
present paper, given by Egs. (2.11) and (2.14), are
equivalent to Cowley’s Eq. (7), which he misinterprets.
Cowley goes on from his Eq. (7), without derivation, to
his Eq. (8). The present authors are able to reconstruct
Cowley’s incorrect Eq. (8) by introducing nonvalid as-
sumptions concerning certain conditional probabilities;
presumably, Cowley’s error is of this general nature.
The Flinn function avoids the pitfalls of calculation of
probabilities.

Finally, the authors claim that their expression (2.14)
for the classical internal energy is exact (to within the
limitations of the classical model), whereas they readily
admit that both Cowley’s and their expressions for the
entropy are approximate.

2.3 The Configurational Entropy

The configurational entropy corresponding to all sets
of C, configurations contained in {&.}, is given by

Si=klng,, (2.15)

where g; is the number of distinct complexions of a
replica leading to the given set {&,} for fixed NV and m 4.
It is only required that S; be known to within an
additive (or g; to within a multiplicative) constant
independent of the &, in order that the equilibrium
equations for the &, be exact. On this basis, the (V—1)
complexions arising from a translation of the set {C,} on
the r lattice are ignored, since this number does not vary
with &,. Similarly, complexions arising from certain
crystallographic space group operations may be ignored.
It is assumed that the &, are independent in the limit of
large N and that pairs of atoms may be treated as
entities separate from other pairs. This last assumption
is certainly incorrect, but studies of a few one-dimen-
sional cases lead the authors to conjecture that the g;
derived on the basis of this assumption are exact, for
large IV, to within the multiplicative constant mentioned
earlier. This conjecture remains to be examined, but
two facts should be kept in mind: (1) All reported
derivations of g; for the three-dimensional case are
admittedly incorrect, and (2) the major simplification
of the equilibrium equations here reported over those of
Cowley arise from a correction to his derivation of the
internal energy. A derivation of g; based on the pre-
ceding considerations follows,
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Let Nj. be the number of pairs of the ¢j type sepa-
rated by a distance 7. It is readily shown that these
quantities are given by

NAAT= %Nb‘rmA (mA‘I"mB&,—) ,
Naso=Nb,mams(1—a,), (2.16)

NBBf=%Nbme(mB+mA&r) )

where the total number of pairs at a distance 7 is given
by 3$Nb.. The interchange of the atoms of an 4B pair
generates distinguishable crystals. When this fact is
taken into account and when the pairs are treated as
separate entities, the total number of distinguishable
crystals is given by the product of an unknown number
M, independent of &, and the quantity

2N4B1/(N g4.\N 45 'Npa,!). (2.17)

The associated number of complexions g; is then given
by

gi=H MTZNAB’/(NAA,!ZVABT!NBBf!). (218)

The configurational entropy is given by

Si=—k 2 In[Nyua-Nap,\Npp,27N¥45],  (2.19)

to within an additive constant independent of the &,.
The relations in (2.16) are substituted into (2.19) and
the Stirling approximation is applied. These results are,
in turn, substituted into the Helmholtz free energy,

Fi=U—TS; (2.20)

and F; is minimized with respect to the &, assumed
independent. The final equilibrium equations are

&,/ (1—a,)?=mamp{exp[—2E(r)/kT]—1}, (2.21)
from which it is found that

b | {14 4m gmz[exp(—2E(z)/kT)— 1)1
B 2m gms{exp[ — 2E(r)/kT]—1} '

(2.22)

In the special case of ma=3%, Eq. (2.22) reduces to the
simpler form
a,=tanh[—E(7)/2kT]; ma=3%. (2.23)
Analysis of Eq. (2.22) shows that &, is amonotonically
decreasing or increasing function of temperature for
negative or positive E(r), respectively, with zero first
derivative at the origin and at infinity. The temperature
at which &, assumes a value one-half of that at zero
temperature can be called the transition temperature
T.(r) associated with the atomic distance r. From
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(2.22), it is found that T.(r) is proportional to the
magnitude of E(7) as follows:

To(r)=2|E(7)| / [k 1n<%’%)]

E(r)<0, (2.24)
and
amp(§+2)
E>0, (2.25)

where £ is the smaller of the two quantities ma/mp
or mp/Mma.

If E(r) decreases in magnitude with 7, the onset of
disorder occurs first at long range when the temperature
is increased from a very low to a high temperature. It is
also clear that whereas there is a range of transition
temperatures for the &,, there is still the possibility that
any given functional (resistivity or specific heat) of the
a, may have a single, well-defined, transition tempera-
ture. These results will be further discussed in Sec. 4.

3. QUANTUM EQUILIBRIUM EQUATIONS FOR
THE ORDER PARAMETERS

In this section the preceding calculations of con-
figurational entropy will be used in conjunction with
Flinn’s quantum mechanical calculation of the internal
energy.? Hall has already pointed out that certain of
Flinn’s approximations cancel making the theory more
accurate than previously supposed.” However, there are
two numerical errors which, when corrected, vitiate his
reported agreement between experiment and theory.
The authors have found, as reported by Asch and Hall,*
that agreement can be regained for the Cu-Au system by
the introduction of a certain parameter C representing
an improvement on Flinn’s approximation of Bloch
functions with free electron functions. For this particu-
lar system, the agreement between experiment and
theory is regained with the limitation of only first
neighbor contributions to which Flinn restricted him-
self. Inclusion of higher neighbor contributions may be
required for other systems, and this in turn will require
evaluation of certain difficult integrals. These will be
treated in an Appendix. The outline of Flinn’s theory
with these minor extensions now follows, the reader is
referred to Flinn,? Hall,” and Asch and Hall* for details.

Consider, as in Sec. 2.1 a Bravais = lattice of infinite
extent on which 4 atoms and B atoms are placed
substitutionally. Let the rigid potentials associated with
an A atom and a B atom be U,(r) and Ug(r), re-
spectively, where both potentials do not necessarily
vanish outside the unit cell. The total potential U(r) is
given by the sum of an “average” potential U,(r) and a
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“disordered” potential Us(r) defined by

Ul(l')=§ [maUa(x—=)+mpUp(r—=)], 3.1

Us(1) =Y. C.AU (t—r), AU()=Ua(6)—Us(1). (3.2)

The theoretical model of the disordered alloy is con-
structed in two steps: In the first step, a crystal of
infinite extent is imagined to exist with the periodic
potential U;. Periodic boundary conditions are applied
to the volume NQ, which leads to Bloch functions,

Yi(r)=ux(r) exp(ik-r), (3.3)
Yr(r+n)=yu(r), ux(rt+e)=ux(r). (34)

It is further imagined that these Bloch functions are
known and that they lead to an internal energy U@ per
replica. In the second step, the model is completed with
the addition of the potential U, [for one definite con-
figuration represented by {C,}] and the requirement
that Cryn=C,. Perturbation theory to second order in
the energy is then applied. The first-order results vanish
and the second-order results are derivable from (see
Asch and Hall* for definition and derivation)

M) =3 ad (kK1) (3.5)

where J does not depend on the direction of =. For large
N, this expression reduces to

| M) 2= 6,37 (k7). (3.6)

The analog of the sum in (2.14) is derivable from (3.6)
by the techniques introduced by Flinn.3 However, a few
extensions and corrections to Flinn’s work must be
enumerated: (1) Flinn used potentials that vanished
outside the unit cell @ and used free electron functions
for the unperturbed functions, but Hall” has shown that
some of his approximations cancel thereby permitting a
trivial extension to potentials with “tails’” outside the
unit cell. (2) Asch and Hall* have shown that the first-
order results vanish even for Bloch functions. (3) In
calculating the second-order results, it is necessary to
know or to approximate the unperturbed Bloch func-
tions; Asch and Hall* found it very useful to make the
replacement

|uw* (Dux(r) |?=C, 3.7)
a real positive number, where C is left as an adjustable
constant. Setting C=1 corresponds to Flinn’s assump-
tion of free electron wave functions. (4) The right-hand
side (rhs) of Flinn’s equations (24) should be multiplied
by 8 to compensate for an incorrect integration ; the rhs
of his Eq. (19) should be multiplied by 2 to take account



1962

of the two electrons with opposite spins in each state.
These two facts imply that his final Eq. (44) should be
multiplied on the rhs by a factor 16, or 16C if we include
(3) above.®

When all the preceding considerations are incorpo-
rated into Flinn’s work, his Eq. (44) becomes in the
notation of (2.14)

32mCNmamp(AZ)? =
Ue— U()Q: Z bfa‘rf‘l” (38)
#2(4m)?
where
1 vg(y) (sin2Kry)
oL oKy,

2K7Jo [(¢/2K)*+y*]

where K is the magnitude of the propagation vector at
the Fermi surface, where the two atomic potentials are
given in Hartree units by

Vi(t)=Zs'exp(—¢qr), i=Aor B, (3.10)

and AZ is defined as | Z4— Z | . The definition of g(y) is
given in the Appendix where the integral in (3.9) is
evaluated. These results are easily extended to a variety
of other potentials, for example ones for which ga¢s
asin (3.10). The quantum results are placed in the same
form as (2.14) by defining a generalization of E, from
(2.13) to
32mC (AZ)?
Ef9=———f,. (3.11)
72 (4m)?

The analog of (2.14) is

N
U,e— UOQ=NmAmBZ b,&,—E,Q, (312)

and the analog of (2.22) is
1—[{14+4mamp[exp(—2E,%/kT)—17}172|
2mamplexp(—2E,%/kT)—1] '

a=1+

(3.13)
4. DISCUSSION

The equilibrium equations for the order parameters
of Cowley have been derived both for a classical bond
energy model and for a quantum model. In the two
cases the equilibrium equations are of the same form,
which is considerably simpler than the incorrect equa-
tions of Cowley. Cowley’s main error is in the calcula-
tion of the internal energy. There are also some differ-
ences between Cowley’s expression of the configurational
entropy and the expression derived in this paper, but
these differences have a minor effect on the equilibrium
equations. Neither Cowley nor the authors have estab-
lished their entropy expressions to be exact, but the
authors have attempted to clarify the nature of the
approximations involved.

For the quantum case, the authors rely heavily on
Flinn’s calculation of the internal energy. A few minor
extensions are included ; and, more importantly, certain
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difficult integrals are reduced to a simple form easily
evaluated numerically.

The Cowley parameter &, associated with the dis-
tance 7 has a transition temperature proportional to the
absolute value of the characteristic energies associated
with that distance. Thus, there is a range of transition
temperatures for the order parameters, but there still
may exist a definite transition temperature for given
functions (resistivity or specific heat) of the &,. As the
temperature of the alloy is increased from very low
temperatures, where the greatest degree of order exists,
disorder will occur at each given distance independently
with the transition temperatures proportional to the
associated characteristic energies. Since the charac-
teristic energies for large distances are expected to fall
off rapidly with distance, the onset of disorder will, in
general, first take place at large distances as the tem-
perature is increased.

The theory developed here is not necessarily valid for
concentrations at which superlattices may exist.

Numerical calculations are under way to compare ex-
periment and theory in two ways: (1) a direct compari-
son of theoretically predicted order parameters with
those measured by x-ray techniques and (2) a compari-
son of experimental and theoretical residual electrical
resistivity.*

APPENDIX A: A METHOD OF EVALUATING
THE ENERGY INTEGRALS

It is possible to reduce the integrals appearingin (3.9),

1 2 yg(y)(sin2Kry)
= [T (A
=% )y Twmrrrr”
1 —1 y+1
s=2e 13—y ] )

to the simple form,

1 (1—a?) (cosBx) 1
=— dx~+n? exp(——AB){—
0 A2—i-ac2)2 24

2[4~

A+B(+A4)[r—2 arctanA]} (A3)
4BA? ’

B=2Kr, A=q/2K.
An outline of this reduction follows.

When (A2) is substituted into (Al), the first term of
g(y) leads to an integral simply evaluated by standard
procedures of contour integration. To complete the
problem it is necessary to evaluate an integral of the
form

x+1

x—1

X

dx, (A4)

e /'°° (1—2?) (sinBx) n
o [A242P
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where the integrand is not an analytic function. A little
analysis immediately shows that (I4) can be rewritten

(1—2%)(sinBz) /z+1
=] ———— " In[—)d
! /; (424-22)2 n(z— 1) “ (A3)

where the contour I' runs along the real axis from — o
to « except in the region of a cut lying on the real axis

from —1 to 1. The contour I' may be taken either just

1963

above or just below the cut. The next step is to write the
(sinBzx) in terms of exponentials and to write I as the
sum of two integrals, where the contours for both
integrals must be taken on the same side of the cut. By
the use of Jordan’s lemma and deformations of the
contours of integration, the integral in (AS) is reduced
to the evaluation of two residues and an integral around
the cut. The latter integral is the source of the integral
appearing in the final form (A3), and the residues are
readily evaluated. This completes the outline.
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Thermal Conductivity of Some Alkali Halides Containing F Centers*
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Thermal conductivity measurements are used to study phonon scattering by F centers in NaF, KCl, KBr,
and KI. F centers were produced by additive coloration and by x and v irradiation. The total effect on the
thermal conductivity is seen to be different for the two methods of preparation. The additively colored data
display two features: a low-temperature depression due to phonon scattering by colloids and quench-induced
defects, and a high-temperature effect due to phonon scattering by F centers. The irradiated samples also
display two features, a high-temperature effect due to F centers and a different low-temperature depression
of unknown origin. The high-temperature data in irradiated samples can be explained if one assumes that
F centers are formed in regions of high concentration during irradiation. Several mechanisms are discussed
for the low-temperature depression in irradiated crystals, including interstitials and the effect of dislocations
on F-center formation. The F center is shown to produce quasilocalized impurity modes with frequencies of
the order of 10% sec™?, and is seen to scatter phonons elastically primarily through its strain field.

I. INTRODUCTION

S was first demonstrated by Berman' low-tempera-

ture thermal conductivity measurements provide

a sensitive method for investigating the scattering of
phonons by lattice defects. In the decade since Berman’s
original work the technique has been applied to study
many defect systems, running the gamut from simple
isotopic impurities,*~* substitutional chemical impuri-
ties,®® molecular impurities,® dislocations, colloids"
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up to such esoteric studies as phonon-spin interactions!?
and acoustic phonon-optic phonon interactions.®® During
this time there has been continued interest in the
scattering of phonons by point defects, where “point”
has the usual meaning of an object whose size is
of atomic dimensions. The early interest in point
defects arose from the fact that the initial theories!41®
predicted an especially simple scattering law for
point defects, namely a Rayleigh-type law. The more
recent interest arises from the experimental!® and theo-
retical™ evidence for a resonant phonon scattering
by quasilocalized impurity modes in addition to the
elastic Rayleigh scattering.

The F center, an electron occupying a negative ion
vacancy, satisfies all the criteria for a point defect
since its mass is certainly different from the mass of
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